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Abstract
This study analyzes the energy transfer mechanisms when nonlinear devices (stores) are attached
to a linear model airplane. For that, a reduced-order model (ROM) was derived to simulate the
first two flexible modes of vibration of the primary structure (aircraft) with one store in each wing.
Each store can either be locked or unlocked. When locked, it only contributes as mass-effect, and
when unlocked, it adds nonlinearity to the system. Simulations were then performed with either
both stores locked, one store unlocked, or both stores unlocked. It was found that the attachment
of nonlinear stores in the ROM changes the global dynamics of the primary structure. However,
contrary to what was previously reported in the literature, no destructive interactions were found
when both stores were unlocked. Since the ROM did not replicate the results reported in the
literature, experiments were conducted to investigate why the ROM failed. Like in the ROM,
experiments could not capture destructive interactions between the stores. However, it was found
that the geometry of the primary structure and the orientation of the stores directly affect the energy
transfer mechanisms.
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1. Introduction

1.1 Motivation
Despite decades of innovation in aerospace engineering, wing attachments – also known as stores
– still pose a serious threat to the safety and performance of modern aircraft. Denegri et al. [2005]
reported that during fighter jets’ normal operations, stores can induce unwanted limit-cycle
oscillations (LCO), which are self-sustaining vibrations that the pilot feels as large lateral motions
[Bunton and Denegri, 2000]. Previous studies by Moore et al. [2018] on an experimental model
airplane indicated that wing-based stores can drastically alter the global dynamics of the parent
aircraft when the coupling mechanism between the stores and the wings consists of strong
nonlinearities. More precisely, the presence of local attachments in each wing affects the primary
structure's first two modes of vibrations, depending on whether one or two stores are attached to
it. Therefore, this research aimed to investigate the energy transfer mechanisms that occur in
different stores configurations and the possible cause for the change in dynamics.

1.2 Vibration in Aircraft
Like any other structure, aircraft are subject to normal and abnormal vibrations. Franklin [2001]
states that normal vibration occurs due to engine operation at certain RPMs, aircraft mass
distribution, response to external forces during turbulent flow, and more. Franklin [2001] also
defines LCO and flutter as abnormal vibrations that occur due to the nonlinearity caused by “the
excessive free play within the flight control surfaces and associated components.” If not well
controlled, LCO can cause structural fatigue leading to potential disruption of flight control

2

mechanisms and components failure, as described by Hodges and Pierce [2011]. For this study’s
purpose, the nonlinearity is assumed to come from the attachments of external devices (stores) to
the airplane wings. For illustration effect, such stores could be represented by missiles in fighter
jets and engines in a commercial airplane.

1.3 Energy Dissipation Mechanisms
In the case of a linear structure, say the airplane without any stores, it behaves similarly to an
underdamped harmonic oscillator. Thus, under transient excitation, the first mode of vibration
dissipates energy at the slowest rate. Since the higher-energy modes dissipate energy at a higher
rate, the structure will vibrate for a longer period of time in the first mode [Moore 2019]. When a
nonlinear element is added to the system, it completely changes its dynamics. One of the most
common nonlinear elements is a nonlinear energy sink (NES), which uses the process of targeted
energy transfer (TET) to harvest energy out of the primary structure. Vakakis [2018] explains that
NESs do not have linear normal modes due to their lack of a linear stiffness and, therefore, can
redistribute the energy in the normal modes of the primary structure. Consequently, a structure that
was linear is now able to dissipate more energy in higher frequency modes.

1.4 Model Order Reduction
A common technique to model complex systems and computationally reproduce its first modes of
vibration is called model order reduction (MOR). MOR is the concept that a complex dynamical
system can be simplified into a few equations to perform simulations in a short amount of time
and with reasonable computational power [Schilders et al., 2008]. The key idea of MOR is to
identify the essential features of a system and reduce them so that its input-output characteristics
are conserved. For this study’s purpose, the lab’s model airplane was reduced to a two-degree-of-
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freedom (DOF) system to represent its first two modes of vibration. For the complete derivation
of the reduced-order model (ROM), refer to section II.I.
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2. Discussion

2.1 Reduced Order Model
2.1.1 Derivation
For fast simulation and analysis of the model airplane’s behavior, a 2-DOF reduced-order model
was derived to match its first two modes of vibration.
Three ROMs were constructed to capture all possible configurations of the airplane and the stores.
The following ROMs were built to mimic the model airplane represented in figure 1a.
•

Locked-Locked configuration (L-L): The L-L configuration assumed a linear system
in which each wing represents a mass in the ROM. They are connected through a very
stiff spring representing the fuselage (figure 1b). Moreover, since the stores are locked,
they only act as a mass effect on the wings and do not add any nonlinearity to the
system.

•

Unlocked-Locked configuration (U-L): In the U-L configuration, one of the stores is
unlocked and adds an extra DOF to the initial system (figure 1c). In this case,
nonlinearity is added to the system. Nevertheless, just as in the L-L configuration, the
store that remains locked only contributes as a mass effect to the wing in which it is
attached.

•

Unlocked-Unlocked configuration (U-U): In the U-U configuration, both stores are
unlocked, and therefore, they add two extra DOF to the initial L-L system (figure 1d).
Each of the unlocked stores adds nonlinearity to the mass it is coupled to.
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a)

b)

c)

d)

Figure 1. (a) The CAD model used in previous research [Moore et al. 2018] to simulate the model
airplane with stores. (b, c, d) Representative schematic of the reduced-order models created for the
different experimental cases.
Once the ROMs were constructed, the equations of motion to compute the system response could
be derived. The derivation of all equations of motion for the U-U configuration is shown and
follows the steps below:
1) Draw the free-body diagrams for all masses and find the equations to describe them.
•

For 𝑚1 (Left Store):
𝐾𝑙1 𝑥1

𝑚1

𝐾𝑙1 𝑥2

𝑚1

𝑚1 𝑥̈ 1

𝐹𝑛𝑙
𝑚1 𝑥̈ 1 + 𝐾𝑙1 (𝑥1 − 𝑥2) = −𝐾𝑛𝑙 (𝑥1 − 𝑥2 )3
•

(Eq. 1)

For 𝑚2 (Right Store):
𝐾𝑙2 𝑥4

𝑚2

𝐾𝑙2 𝑥3

𝑚2

𝑚2 𝑥̈ 4

𝐹𝑛𝑙
𝑚2 𝑥̈ 4 + 𝐾𝑙2 (𝑥4 − 𝑥3 ) = −𝐾𝑛𝑙 (𝑥4 − 𝑥3)3

(Eq. 2)
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•

For 𝑀1 (Left Wing):

𝐾𝑔1 𝑥2
𝐾𝑐 𝑥2

𝐾𝑙1 𝑥1
𝑀1

𝐾𝑙1 𝑥2

𝐹𝑛𝑙

𝑀1

𝐾𝑐 𝑥3

𝑀1 𝑥̈ 2 − 𝐾𝑙1 𝑥1 − 𝐾𝑐 𝑥3 + 𝑥2(𝐾𝑔1 + 𝐾𝑐 + 𝐾𝑙1 ) = −𝐾𝑛𝑙 (𝑥2 − 𝑥1 )3
•

𝑀1 𝑥̈ 2

(Eq. 3)

For 𝑀2 (Right Wing):
𝐾𝑔2 𝑥3
𝐾𝑐 𝑥3
𝐾𝑙2 𝑥3

𝐾𝑙2 𝑥4
𝑀2

𝐹𝑛𝑙

𝑀2

𝑀2 𝑥̈ 3

𝐾𝑐 𝑥2

𝑀2 𝑥̈ 3 − 𝐾𝑙2 𝑥4 − 𝐾𝑐 𝑥2 + 𝑥3 (𝐾𝑔2 + 𝐾𝑐 + 𝐾𝑙2 ) = −𝐾𝑛𝑙 (𝑥3 − 𝑥4 )3

(Eq. 4)

2) Create a matrix equation by combining equations 1-4 so the system can be easily solved in
MATLAB:
𝑚1
0
[
0
0

0
𝑀1
0
0

0
0
𝑀2
0

𝐾𝑙1
−𝐾𝑙1
0
0
−𝐾𝑛𝑙 (𝑥1 − 𝑥2 )3
𝑥1
0 𝑥̈ 1
−𝐾𝑙1 (𝐾𝑔1 + 𝐾𝑐 + 𝐾𝑙1 )
−𝐾𝑐
0
𝑥2
0 𝑥̈ 2
−𝐾𝑛𝑙 (𝑥2 − 𝑥1)3
][ ]+
[𝑥 ] =
0 𝑥̈ 3
3
−𝐾𝑛𝑙 (𝑥3 − 𝑥4 )3
0
−𝐾𝑐
(𝐾𝑔2 + 𝐾𝑐 + 𝐾𝑙2 ) −𝐾𝑙2
𝑥
𝑚2 𝑥̈ 4
[−𝐾𝑛𝑙 (𝑥4 − 𝑥3 )3]
[ 0
0
−𝐾𝑙2
𝐾𝑙2 ] 4

2.1.2 Simulations and Results
Once all the parameters were identified, a series of simulations were performed in MATLAB to
capture the ROM's behavior, determine if it mimics the model airplane's response, and potentially
identify store-to-store energy transfer. The computational simulations were divided into two parts:
first, an initial velocity was applied to the left wing-mass (analog to an impact from a modal
hammer) to capture the transient response of the system; and second, a periodic forcing was applied
to the wing to investigate the effect of sustained excitation on interactions between stores.

7

1) Transient response: To understand the transient behavior, the response of the ROM was
simulated for 10 seconds by applying an initial velocity to the left wing-mass for all three
configurations (L-L, U-L, and U-U). Figure 2a compares the displacements of the left
wing-mass for all three configurations and indicates that stores accelerate the decay of
vibrations. Such increased decay results from energy transfers from the wings to the stores
and suggests that stores change the global dynamics of the ROM. Figure 2b compares the
wavelet transform for all three configurations. The wavelet transforms indicate the duration
and intensity of each flexible mode of vibration of the ROM. Moreover, the generated
graphs suggest that the first and second flexible modes of the ROM vibrate for significantly
less time in both U-L and U-U configurations than in the L-L configuration. This was
expected since the purpose of the store is to harvest energy out of the system, and most of
this energy is dissipated by the first modes. Moreover, when comparing the behavior of the
ROM with one and two stores, the first and second modes vibrate for less time for the UU than for the U-L configuration. This was an intriguing result since Moore et al. [2019]
indicate that a destructive behavior appears in the U-U configuration, increasing the
duration of the second mode when two stores are attached instead of only one.
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a)

b)

Figure 2. (a) Left wing-mass displacement for all configurations. (b) Wavelet transforms for all
configurations.

2) Periodic forcing response: Next, the ROM behavior was analyzed under sustained
excitation. For that, the left wing was forced using a harmonic excitation with a 1:1
resonant frequency with the second mode of vibration of the primary structure. Sapsis et
al. [2009] numerically described that under a 1:1 transient resonance capture (TRC), a 2
DOF consisting of a linear oscillator coupled to an NES should display a strongly
modulated response (SMR). According to Vakakis et al. [2010], “SMR may be regarded
as the extension of the TET phenomenon to structures under periodic (narrowband)
excitation.” Moreover, Vakakis et al. [2022] describe SMRs as a “sustained series of
repetitive TRCs, with each involving resonance capture, escape from resonance and
recapture into resonance on a resonant manifold of the dynamics.”
For the ROM used in this simulation, the SMR is shown in figure 3, and for a low forcing
amplitude, the SMR is regular and periodic.
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Figure 3. Harmonic excitation response of ROM for low forcing amplitude.
However, above a critical forcing amplitude, the SMR becomes aperiodic and irregular due
to the strong nonlinearity in the system. That is observed by the small beats that occur in
the store displacements (figure 4), hinting that the stores are interacting with each other.

Figure 4. Harmonic excitation response of ROM for high forcing amplitude
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Therefore, to better understand the stores’ behavior during the small beats, the
instantaneous total energy in each mass was estimated. Figure 5 shows the energy behavior
of the ROM during a small beat, and it indicates that the small beat occurs when only one
store interacts with the wings and not the other store. Thus, the total energies denied the
existence of interactions between the stores in the ROM.

Figure 5. Localized total energies for an SMR in the U-U configuration.

2.2 Experiments
2.2.1 Why perform experiments?
Since the ROM could not mimic the experimental results found by Moore et al. [2019],
experiments were conducted to understand why the ROM failed to capture the expected behavior.
The initial hypothesis is that the energy transfer mechanism depends on the geometry of the
primary structure and how the NESs are attached. Therefore, to test this hypothesis, experiments
were performed. The transient response of the airplane was captured for the L-L case, U-L case,
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U-U case with the stores facing the same direction, and the U-U case with the stores facing opposite
directions.
2.2.2 Experimental set-up
The experimental part of this study uses a model airplane representing an F-16 Fighting Falcon,
which was originally designed and built by Moore et al. [2019]. The experimental setup can be
found in Figure 6, and it consists of the model airplane hanging with 12 accelerometers attached
throughout its structure. Four accelerometers are attached to each wing, one accelerometer is
attached to each store, and one accelerometer is attached to each pylon. The airplane is then hit
with a model hammer, and the responses are captured by the Data Acquisition “DAQ” software.
The results are then exported to MATLAB and converted into matrix format to be manipulated
and analyzed.
a)

b)

Figure 6. (a) Experimental model airplane. (b) Experimental nonlinear wing attachment (store).
2.2.3 Experimental Results
The model airplane was hit by the modal hammer with a force of around 100 N for all
configurations (L-L, U-L, U-U, and U-U flipped). Figure 7a shows the transient response of the
airplane and the comparisons of all configurations through wavelet transforms. From those plots,
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it is clear that the dynamics of the primary structure changes with the configuration and orientation
of the stores. When comparing the L-L, U-L, and U-U configurations, the first two modes of
vibration decay quicker and directly proportionally to the number of stores installed. The
experimental results agree with the ROM and fail to replicate the change in dynamics found by
Moore et al. [2019]. Moreover, the experimental results also indicate that the orientation of the
stores plays a major role in the energy transfer mechanisms of the airplane and the stores. When
comparing the wavelet transforms for the U-U and U-U flipped configurations, the first mode of
vibration of the primary structure vibrates for much longer when the stores are facing opposite
directions. Therefore, the hypothesis that energy transfer mechanisms depend on the geometry of
the primary structure and the location of the NESs was confirmed.

a)

L-L (99.0 N)

b)

U-L (105 N)

U-U (132 N)

U-U flipped (143N)

Impact Location
Measurement Location

Figure 7. (a) Transient response for the primary structure with different stores configurations. (b)
Graphical representation of the model airplane, the impact location, and the measurement location.
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3. Conclusions

This study mainly consisted of simulations of a ROM with different store configurations (L-L, UL, U-U) under transient and harmonic excitation. Since the ROM could not replicate the results
found by Moore et al. [2019], single impact experiments were performed in a model airplane to
try to mimic such results experimentally and investigate why the ROM failed to capture the
expected behavior. The results of this study, therefore, led to the following conclusions:
•

The attachment of nonlinear stores in the ROM changes the global dynamics of the
primary structure.

•

Store-to-store interactions do not occur in the ROM.

•

The attachment of nonlinear stores in the experimental model airplane changes the
global dynamics of the primary structure; however, no store-to-store energy
transfer was identified.

•

The energy transfer mechanisms depend on the geometry of the system since the
dynamics of the model airplane changes with the orientation of the stores.

4. Future Work

Since the experiments could not replicate the results found by Moore et al. [2019], where the stores
produce a destructive interaction in the U-U, new stores would have to be designed. The most
crucial design modification is to have a longer flexure, which would allow the stores to rest at a
lower equilibrium point. Moreover, it would be ideal to mount the stores to a metal surface instead
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of mounting them directly into the airplane. The reason for this is that each time the stores are
taken out of the wing, the tension in the flexures changes (sometimes even buckling them), causing
a change in dynamics when they are mounted back in the wing.
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